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AMBIENT OBSTRUCTION FLOW 


CHRISTOPHER LOPEZ 


Abstract. We establish fundamental results for a parabolic flow of Riemannian metrics introduced 
by Bahuaud-Helliwell in [3] which is based on the Fefferman-Graham ambient obstruction tensor. 
First, we obtain local smoothing estimates for the curvature tensor and use them to prove 
pointwise smoothing estimates for the curvature tensor. We use the pointwise smoothing estimates 
to show that the curvature must blow up for a hnite time singular solution. We also use the 
pointwise smoothing estimates to prove a compactness theorem for a sequence of solutions with 
bounded curvature norm and injectivity radius bounded from below at one point. Finally, we 
use the compactness theorem to obtain a singularity model from a hnite time singular solution and 
to characterize the behavior at inhnity of a nonsingular solution. 


1. Introduction 

1.1. Introduction. The uniformizatiom theorem ensures that for a compact two dimensional Rie¬ 
mannian manifold {M,g), there is a metric g conformal to g for which {M,g) has constant sectional 
curvature equal to K. Moreover, the sign of K can be determined via the Gauss-Bonnet theorem. 
In higher dimensions, curvature functionals have been used with great success to define and locate 
optimal metrics in higher dimensions; see [28]. One conformally invariant curvature functional for 
a 4-dimensional Riemannian manifold (M, g) is given by 

J^wi9)= [ \Wg\^dVg, 

JM 

where Wijki is the Weyl tensor. The negative gradient of is the Bach tensor Bij defined as 

The study of critical metrics for ie. Bach-flat metrics, has been fruitful. The class of Bach-flat 
metrics contains, as shown in |5|, familiar metrics such as locally conformally Einstein metrics, 
scalar flat (anti) self-dual metrics. 

Another conformally invariant functional for a 4-dimensional Riemannian manifold {M,g) is 
given by 

•^ q (< 7 )= / Qi9)dVg, 

JM 

where Q{g) is a scalar quantity introduced by Branson in [7| called the Q curvature. Via the 
Chern-Gauss-Bonnet theorem, this functional is related to F^ by Fq = 87r^x(-^) “ \^w- 
Bach tensor is also the gradient of Fq. Unlike the Weyl tensor, the Q curvature is not pointwise 
conformally covariant. 

One can generalize the Q curvature to a scalar quantitiy defined on n dimensional Riemannian 
manifolds (M,g), where n is even. Consider the functionals defined for n even by 

^{9)= [ Q{9)dVg. 

JM 
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These functionals are conformally invariant. The gradient of J-g is a symmetric 2-tensor O, intro¬ 
duced by Fefferman and Graham in m, called the ambient obstruction tensor. This tensor arises 
in physics: for example, Anderson and Chrusciel use O in [T] to construct global solutions of the 
vacuum Einstein equation in even dimensions. In dimension 4, O is just the Bach tensor. The 
ambient obstruction tensor is conformally covariant in n dimensions. This is in contrast to the n 
dimensional generalization of the Bach tensor, which is only conformally covariant in dimension 4. 
This fact follows from a result in Graham-Hirachi |18] stating that in even dimensions 6 and greater, 
the only conformally covariant tensors essentially are W and O. Extending the 4-dimensional case, 
Fefferman and Graham showed in |16] that O vanishes for Einstein metrics for all even dimensions. 
However, there also exist non conformally Einstein metrics for which O = 0, as shown by Gover and 
Leitner in HZ]. The conformal covariance of O and the fact that obstruction flat metrics generalize 
conformally Einstein metrics suggest that studying the critical points of J^q via its gradient flow 
may aid in the study of optimal metrics on M. Our main goal is to establish fundamental results 
for this gradient flow. 


1.2. Main Results. We will continue the study of a variant of the gradient flow of Tq, that was 
introduced by Bahuaud and Helliwell in [3|, establishing fundamental results. This flow, which we 
will refer to as the ambient obstruction flow (AOF), is defined for a family of metrics g{t) on a 
smooth manifold M by 


( 1 ) 


n 

dtg = (- 1)^0 + 
c/(0) = h. 


The conformal term involving the scalar curvature was added in order to counteract the invariance 
of O under the action of the conformal group on the space of metrics on M. In the papers [3], 
[4] they proved the short time existence and uniqueness, respectively, of solutions to AOF given 
by (HD- Kotschwar recently has given in [26| an alternate uniqueness proof via a classical energy 
argument without using the DeTurck trick. 

Gradient flows have been studied extensively since Hamilton in |20l |22| and Perelman in 

[32l [33l [M] (expositions are given in jO] [M] [3T|) used the Ricci flow to study the geometry of 3- 
manifolds. In the past fifteen years, these have begun to include higher order flows. Mantegazza 
studied a family of higher order mean curvature flows in [30|, Kuwert-Schatzle studied the gradient 
flow of the Willmore functional in [2Z|, Streets studied the gradient flow of |Rmp in [3Zj, Ghen- 
He studied the Calabi flow in mm, and Kisisel-Sarioglu studied the Gotton flow in [25|. Hour 
studied the gradient flows of certain quadratic curvature functionals in [6], including some variants 

Our first result gives pointwise smoothing estimates for the norms of the derivatives of the 
curvature. Since the AOF PDE ([T|) is of order n, the maximum principle cannot be used to obtain 
these estimates. Instead, we first use interpolation inequalities derived by Kuwert and Schatzle in 
m in order to derive local integral Bernstein-Bando-Shi-type smoothing estimates. Then, we use 
a blowup argument adapted from Streets [38| in order to convert the integral smoothing estimates 
to pointwise smoothing estimates, as stated in the following theorem. During the proof, we use the 
local integral smoothing estimates to take a local subsequential limit of the renormalized metrics. 


Theorem 1.1. Let m > 0 and n > 4. There exists a constant C = C{m,n) so that if [M'^,g{t)) 
is a complete solution to AOF on [0,r] satisfying 


1, sup 
y Mx[0,T] 
2 



<K, 


max 



then for all t € (0, T] 


7T1 

sup|V"^Rm|,(,) <C'(k + 41 ' • 

We obtain from the pointwise smooting estimates two additional theorems. The first theorem 
gives an obstruction to the long time existence of the flow. Since the pointwise smoothing estimates 
do not require that the Sobolev constant be bounded on [0, T), we rule out that the manifold 
collapses with bounded curvature. 

Theorem 1.2. Let g{t) he a solution to the AOF on a compact manifold M that exists on a 
maximal time interval [0,T) with 0 < T < oo. IfT< oo, then we must have 

limsup ||Rm||co(g(t)) = oo. 
t-fT 

The second theorem allows us to extract convergent subsequences from a sequence of solutions to 
AOF with uniform curvature bound and uniform injectivity radius lower bound. We prove this in 
section [7] by using the Cheeger-Gromov compactness theorem to obtain subsequential convergence 
of solutions at one time. Then, after extending estimates on the covariant derivatives of the metrics 
from one time to the entire time interval, we obtain subseqential convergence over the entire time 
interval. 

Theorem 1.3. Let {{MJf, gk{t), Ok)}k&N be a sequence of complete pointed solutions to AOF for 
t G with to G {a, tv), such that 

(1) |Rm(g'fc)|gj, < Co on Mk x {a, tv) for some constant Co < oo independent of k 

(2) > io for some constant lq > 0. 

Then there exists a subsequence {jk}k&N such that {{Mji,, gji^{t),Oj^,)}ken converges in the sense of 
families of pointed Riemannian manifolds to a complete pointed solution to AOF goo{t),Ooo) 
defined for t G {a, to) as k ^ oo. 

We use this compactness theorem to prove two corollaries. For a compact Riemannian manifold 
{M,g), let Cs{M,g) denote the L^ Sobolev constant of {M,g), defined as the smallest constant Cs 
such that 

ii/ii'^ <^^s(iiv/iii2 + F-^ii/iii0, 

where V = vol{M,g). The following result states that if the Sobolev constant and the integral of 
Q-curvature are bounded along the flow, there exists a sequence of renormalized solutions to AOF 
that converge to a singularity model. 

Theorem 1.4. Let {M^ , g{t)), n > 4, he a compact solution to AOF that exists on a maximal time 
interval [0,T). Suppose that sup{C 5 (M, g'(t)) : t G [0, T)} < oo. Let {{xi,ti)}i^n C M x [0,T) 
be a sequence of points satisfying ti — )■ T, |Rm(xj,tj)| = sup{|Rm(a:, t)| : (x,t) G M x 
and Xi —)■ oo, where A* = |Rm(xj,tj)|. Then the sequence of pointed solutions to AOF given by 
{{M,gi{t),Xi)}i(zn, with 

_ n n 

gi{t) = Xig{ti +X- ^t), tG[-Xfti,0] 

subsequentially converges in the sense of families of pointed Riemannian manifolds to a nonflat, 
noncompact complete pointed solution {Moo, goo(t),Xoo) to AOF defined fort G (— oo,0]. Moreover, 
if n = A or 

sup / Q{g{t))dVg(t) <oo, 
iG[0,T) JM 

then O{goo{t)) = 0 for all t G (— oo,0]. 
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The next result states that if a nonsingular solution to AOF does not collapse at time oo and the 
integral of Q-curvature is bounded along the flow, there exists a sequence of times —>■ oo for which 
g{ti) converges to an obstruction flat metric. We note that in cases (2) and (3), the boundedness 
of the integral of the Q curvature along the flow implies that goo{t) is obstruction flat. However, 
this does not imply that dtgoo = 0. Rather, dtgoo = {—l)"'^‘^C{n){A 2 ~^R)g^ i.e. the metric is still 
flowing by the conformal term of AOF within the conformal class of 500 ( 0 ). 

Theorem 1.5. Let {M,g{t)) be a compact solution to AOF on [0, 00 ) such that 

sup ||Rm||co(g(i)) < 00 . 

tG[0,oo) 

Then exactly one of the following is true: 

(1) M collapses when t = 00 , i.e. 

lim inf inj = 0 . 

t^oox&M ' 

(2) There exists a sequence {{xi,ti)}i£N C M x [0, 00 ) such that the sequence of pointed solutions 

to AOF given by {(M, 5 j(t), with 

gi(t) = g{ti + t), t€[-ti,oo) 

subsequentially converges in the sense of pointed Riemannian manifolds to a complete non¬ 
compact finite volume pointed solution {Moo, goo{t), Xoc) to AOF defined fort G (— 00 , 00 ). 
If n = A or 

sup / Q{g{t)) dVg(t) < 00 , 

t€[0,oo) JM 

then goo{t) is obstruction flat for all t G (—00, 00). 

(3) There exists a sequence {(xi, C M x [0, 00 ) such that the sequence of pointed solutions 

to AOF given by {(M, 5 j(t), Xi)}jgN, with 

gi{t) = g{ti + t), t€[-ti,oo) 

subsequentially converges in the sense of pointed Riemannian manifolds to a compact pointed 
solution {Moo,goo{t),Xoo) to AOF defined for t G (—00,00), where M^o is diffeomorphic to 
M. If n = A or 

sup / Q{g{t)) dVg(t) < 00 , 

t€[0,oo) JM 

then goo{t) is obstruction flat for all t G (—00, 00) and there exists a family of metrics goo{t) 
conformal to goo{t) for all t G (—00, 00), with goc{t) = 5oo(0) for all t G (—00, 00), such that 
5 oo( 0 ) is obstruction flat and has constant scalar curvatue. 

2. Background 

2.1. Q Curvature. Here we recall a description of Q curvature given by Chang et al. in [10] . 
The Q curvature was introduced in 4 dimensions by Riegert in [36j and Branson-0rsted in [ 8 ] 
and in even dimensions by Branson in [7]. R is a scalar quantity defined on an even dimensional 
Riemannian manifold {M^,g). If n = 2, we define Q to he Q = —^R = —K, where K is the 
Gaussian curvature of M. The Gauss-Bonnet theorem gives f QdV = —2 ttx{M). The Q curvature 
of a metric g = e^^g is given by e^^Q = Q + f, where the Paneitz operator introduced by 
Graham-Jenne-Mason-Sparling in m is given by I^f = A/. If n = 4, we define Q to be 
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The Chern-Gauss-Bonnet theorem gives 

I QdV = 8n\iM)-l I iTTp. 

In particular, if M is conformally flat, then f Q dV = 87r^x(M). The Q curvature of a metric 
g = g is given by Q = Q + f ■, where the Paneitz operator ^ is given by 

= Va[V“V'’ + - lRg^^]Vi,f. 

In general when n is even, we are only able to write down the highest order terms of Q and 

(5 = —+ lots, ^/ = A2/ + lots. 

Nonetheless, Q still has nice conformal properties. Under a conformal change of metric g = e^-^g, 
we have Q = Q + ^f- The integral of Q is conformally invariant. In particular, if M is locally 
conformally flat, we have an analogue of the Gauss-Bonnet theorem: 

j QdV = - l)!2"-i7rtx(M). 

2 . 2 . Ambient Obstruction Tensor. Fefferman and Graham proposed in | 15 ] a method to deter¬ 
mine the conformal invariants of a manifold from the pseudo-Riemannian invariants of an ambient 
space it is embedded into. They introduced the ambient obstruction tensor O as an obstruction 
to such an embedding. They subsequently provided a detailed description of the properties of O in 
their monograph m- 

We define several tensors that we will use to express O. The Schouten tensor A, Gotton tensor 
C, and Bach tensor B are defined as 

~ n—2 2(n—1) t k^ij j^ik^ Bij = V Cijk A ITfciji. 

We obtain via the identity S/^V^Wkiji = (3 — n)V^Cijk that 

We define the notation P^{A) for a tensor A by 

PjJ^{A)= ••• * 

bH- \-ik='m 

The following result describes O. The form of the lower order terms is implied by the proofs. 

Theorem 2.1. (Fefferman-Graham |16j . Theorem 3.8; Graham-Hirachi [18], Theorem 2.1) Let 
n > A be even. The obstruction tensor Oij of g is independent of the choice of ambient metric g 
and has the following properties: 

( 1 ) O is a natural tensor invariant of the metric g; ie. in local coordinates the components of 
O are given by universal polynomials in the components of g, g~^, and the curvature tensor 
of g and its covariant derivatives, and can be written just in terms of the Ricci curvature 
and its covariant derivatives. The expression for Oij takes the form 

n/2 

Oij = A^/^-\AAij - V,V,Afc'=) + 

i=2 

n/2 

= - - A^/^-^V^V^Wkiji + V Pf-'' (Rm), 

6 — n 

i=2 

where A = V*Vj and lots denotes quadratic and higher terms in curvature involving fewer 
derivatives. 
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(2) One has Oi = 0 and V^Oij = 0. 

(3) Oij is conformally invariant of weight 2 — n; ie. if 0 < Q € C°°{M) and gij = ^“^gij, then 

(4) If gij is conformal to an Einstein metric then Oij = 0. 

C.R. Graham and K. Hirachi express the gradient of Q in terms of O: 

Theorem 2.2. /^|18|. Theorem 1.1) If g{t) is a 1-parameter family of metrics on a compact manifold 
M of even dimension n > 4 and h = dt\t=o 9{t)> then 



Define the adjusted ambient obstruction tensor O to be 


( 2 ) 


O = (- 1)20 + 



We rewrite O in terms of the Ricci and scalar cnrvatnres. 


Proposition 2.3. If {M,g) is a Riemannian manifold, then 



nl2 


( 3 ) 



n/2 


Proof. First, we reexpress O: 



and 


n/2 


Oij = At-2(AAi, - VjViAk^) + ^P;-2''(Rm) 



1=2 

nl2 
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Next, we reexpress O using ([3]): 


/ \ — 


7-1 


n/2 


= (-l)f At-^A + P^~^\Rm) + 

i=2 


(-1)' 




, . n 

(-1)^ 

n — 2 


A^-^Rc + 


2(n-l)^ 

/ X 1 

(-1)2-1 


(A^-1r)<7 + 


(-!)■ 


r-l 


2(n- l)(n-2) 


A^-^V'^R 


+ 


, , n 

(-1)^ 

2(n-l)(n-2) 


(- 1 ) 
n — 2 


2(n - l)(n - 2) 

n/2 

{A^-^R)g + P”"^i(Rm) 

i=2 

n/2 


2(n - 1) 


" At-iRc + L At-^V^R + ^ P”"^i(Rm). 

J=2 


2(n - 1) 


□ 


3. Short Time Existence and Uniqueness 

In this section, we derive the evolution equations for the covariant derivatives of the curvature 
tensor. We then give a theorem asserting the short time existence and uniqueness of solutions to 
AOF. 


3.1. Preliminaries. We collect some facts about Riemannian manifolds that will be used to derive 
the evolution equations. 

Lemma 3.1. (Hamilton |20] . Lemma 7.2) On any Riemannian manifold, the following identity 
holds: 

^Rjklm = j'^mRlk “ j'^lRmk + k^iRmj “ k^mRlj + Rm*^. 

Proposition 3.2. If A is a tensor on a Riemannian manifold and k,l >1, then 

2l+k-2 

V^A'A = AV^24+ Y ^ 

2=0 

Proof. First we claim that VA^A = A^VA + X]i=o For any tensor A, 

VAA = ViV^VjA 

= iVjA + Rm * VA 

= jViA + VRm * A + Rm * VA 

= AVA + VRm * A + Rm * VA. 
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Suppose the claim is true for I — 1. Then 


V2 ^ * VM) = V + VM + v2'“^“*Rm * V*+U) 


V ( ^ v2'“2“*Rm * VM + Rm * 


Next, 


^ (V2'"i"*Rm * VM + v2'-2-*Rm + V*+U) 

i=0 

+ VRm * + Rm * 

21-3 

V2^-i-*Rm * VM + VRm * + VRm * + Rm * V^^'M 

i=0 

21-1 

Y * VM. 


VAM = VAA*-M 

= AVA'"^T + VRm * + Rm * V^''^ 

= A A^-^ V^ + Y V^'“^“*Rm * VM^ + VRm * + Rm * V^^-^A 


A^VA + Y V^'"^"* * VM + VRm * V^^-^A + Rm * V^^-^A 

i=0 

21-1 

A^VA + Y V^'-^-* * VM. 


Assume the proposition holds for k — 1. Then 


2l+k-3 


2l+k-3 


V Y V^'+'^-^-^Rm * VM = Y V2'+''"2"*Rm * VM + Rm * 


2l+k-2 

E V 


2l+k-2-i 


Rm * VM. 


Lastly, 


V’^A'-A = VV^'-^A'A 


2l+k-3 


V A'V*^“M+ ^ v2'+*^“^“*Rm * V*A 


2l+k-3 


AVv'^-^A + ^ v2^"^"*Rm * V'^V’^-^A + V ^ V^'+^-^-^Rm * V*A 



2l+k-2 




2l+k-2 


A^V^A+ v2'+*^“2“*Rm * VM. 


Proposition 3.3. Let M be a manifold and g{t) be a one-parameter family of metrics on M. If 
A is a tensor on M and k > 1, then 


dtV^A = V^dtA + Y * V^-^-^A). 


Proof. First 


■ 'jm—1 ^juiA -1 ■ ■ 'jr '^Jm J1 ‘ ‘ ‘jm—1 ljm -\-1 ‘ ‘ 'jr 


8,vA=a,8,4:::‘- - + 

m=l 

5 

I ^ ^ To T'^P A^l"'^p—lQ^p-\-l"'^s I T'^p O /t ^1 ‘‘‘^p—l^^p+1 ‘‘ 

+ il ^h-jr + ^ il (^t^h-jr 

p=l 

= VdtA + dtT*A 
= VdtA + Vdtg * A, 

so the proposition is true when k = 1. Assume the proposition holds for k — 1. Then 
dtV^A = dtVV^-^A 

= VdtV^-^A + Vdtg * V^-^A 

k-2 

= V^dtA + Vdtg * + V ^ V\Vdtg * 

i=o 

k-2 j 

= V'^dtA + Vdtg * + V ^ ^ V^^^dtg * 

j=0 i=0 
k-2 j 

= V^dtA + Vdtg * V^-^A + Y ^ V^^^dtg * 


j=0 i=0 


k-2 j 


V^dtA + EE V^^^dtg * + Vdtg * V^-^A + Y ^^^^dtg * A 

j=0 i=0 j=0 


k-2 j 


= V‘8,A + ^J^V« dtg * V’^-^-^A + Vdtg * + Y ^^^^dtg * V’^-^-^A 


j=0 i=0 
k-2 j 


V^dtA + EE V^^^dtg * + Y A 


j=0 i=0 


V^dtA + Y^^i^9i9 * + V’‘-\Vdtg * A) 
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k-1 

= V^dtA + V^iVdtg * 

j=0 


□ 


3.2. Evolution Equations. We derive the equations for for every k > 0. 

Proposition 3.4. If {M,g[t)) is a solution to AOF, then 

('-I'lf+i 

(9iRm = —---A^Rm+ Pf' ^■^"’"^(Rm). 

2 (n - 2) ^ 


Proof. Let g{t) be a one-parameter family of metrics on M and h = dtg. The evolution of Rm is 
given by m, Theorem 7.1) 


dtRijkl — 2 ^^l^ik ^i^lhjk ^khu] T Rm */l. 

If /i = A'^^^Rc then, using Proposition 13.21 in the second line and Lemma l3.II in the third line, 

dtRijki = ^Rji + VjViA^ ^Rik-ViViA2 ^Rjk-VjVkA^ ^i?i;]+Rm*A2 ^Rc 

n—2 

= iAt-i[ViVfcR,7 + VjViR^k - V.ViRjk - V.-V^R*/] + V^'^-^Rm * V'Rc + P^-\R 


,m 


i=0 

= iAt-i[-AR,,fcz + Rm*2] + P2"-2(Rm) 

= -^A'^R^jkl + P^\^^)■ 


If h = A 2 ‘^SI^R then, using Proposition 13.21 in the second and fourth lines, 

dtRijki = ^[ViVfcAt-^Vj VzR Vj ViAt'^VjVfcR - VjV/At-^Vj VfcR - Vj VfcAt-^VjV/R] 

+ Rm* At-2v2ij 

= \A'^~'^\W iV jV iR + V jViViVkR — N j'^ kR — VjVfcVjV^R] 

n—2 

+ * V*V^R -h P2''"^(Rm) 

i=0 

= iAt-2[ViVfcV,VzR + V, V,V,VfcR - ViViVjV^R - V.-V^ViV^R] + P^-^{Rm) 

= ^A2“^[VjVfcVjV/R + VjV^VjVfcR — VjVfcVjV/R — VjV^VjVfcR + VRm * VR -|- Rm * V^R] 

+ Pr\Rm) 

= Rr"(Rm). 

R h = YTj =2 R”'”^'^ (Rm), then 


SjRm 


n/2 n/2 

Y R/"^^ (Rm) + Rm * Rf"^^ (Rm) 

i=2 i=2 


n/2 n/2 

Y R,""''+'(Rm) + Y 


i=2 


i=2 
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Combining these results, we conclude that if h = O then 


dtRm = + Y1 ^ (Rm) 


n/2 


nl2 


2(n-2) 


i=2 


i=2 


(-!)■ 


r+l 


2(n-2) 


n/2+l 

AtRm+ P”"^^'+^(Rm). 
i=2 


□ 


Proposition 3.5. If {M, g{t)) is a solution to AOF, then 


dtV^Rui = ^ ' A? V^Rm + V P. 

^ o Ui -9 ) ' I 


1+1 


n/2+1 


2(n-2) 


i72— 2l-\-k-\-2 

I 


(Rm). 


1=2 


Proof. We compute: 

fc-i 


k-l / n/2 

Y * V^-^-iRm) = ^ V^' ^ {Rui) * V^-^-iRm 

i=o i=o \^=i 

fc-l n/2 




«+l 

i=0 «=1 

fc-1 n/2 

EE^w“(r 

i=0i=l 
n/2 

i = l 
n/2+1 


m 


er. 

1=2 


•Ti — 2l-\-k-\-2 
I 


(Rm). 


Then, using Proposition 13.31 in the first line, Proposition 13.41 in the second line, and Proposition 13.21 
in the third line, we get 


fe-i 


dtV’^Rm = V’^dtRm + Y ^\^dtg * V^-^’^Rm) 

i=o 

/ n/2+1 n/2+1 

( ^ vjk A w D I wk \ '' Dn—2j+2/jj _, \ ^ on—2(+fc+2 


2(n-2) 


V^A^Piju + V^ Y P;"''+/Rm)+ ^ Pf 


(Rm) 


i=2 


1=2 


(- 1 ) 


^+1 


2(n- 2) 


AtV%fc;+P2"+''-2(Rm)+ ^ P, 


n/2+1 n/2+1 

”"^^'+^+2(Rm) + Y P"-2i+fc+2 

j=2 1=2 


(Rm) 


(- 1 ) 


1+1 


n/2+1 


2(n- 2) 


AtV%fc;+ ^ PI 


>TL — 2l-\-k-\-2 


(Rm). 


1=2 


□ 
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3.3. Short Time Existence and Uniqneness. We recall the short time existence and uniqueness 
theorems for the AOF. E. Bahuaud and D. Helliwell have shown in their papers 13], in the following 
result: 

Theorem 3.6. Let h be a smooth metric on a compact manifold M of even dimension n > 4. 
Then there is a unique smooth short time solution to the following flow: 


( 4 ) 


It- 

a,3 = o = (-1)10 + 

,5(0) = h, 


where O is the ambient obstruction tensor on M and R is the scalar curvature of M. 

Proof. We outline a proof of the existence theorem. Due to the diffeomorphism invariance of M, 
the system ([4|) is not strongly parabolic. However, by choosing a vector field W given by 

w = + 4zi)4(vAt-2i2)«, 


2(n-2) 


4(n — 1) 


where — f^j) and f is the connection of h, we obtain a strongly parabolic system: 

( 5 ) 


dtg = 0 + Cwg 
5(0) = h. 


We show this by computing the principal symbol a of the system ([5]). Let A = —2Rc + Cxg- We 
know from Proposition 12.31 that 


( 6 ) 


Q ^ (“!)" aH-I 


A2 -^Rc + 


(- 1 ) 


s-1 


n — 2 ' 2(n — 1) 

We can linearize the first term of dSl) as follows: 


n/2 

i=2 


di 


, , n 

(-1)^ 

n — 2 


At-iRc + 


(- 1 ) 


--1 




2(n - 2) 


(- 1)2 


O 


2(n - 2) 




(- 1 ) 


--1 

o 


2(n - 2) 

S--1 


(- 1 ) 


2(n - 2) 

/ •. Tl 1 

(-1)2-1 


[5*(i-t)dtVt-M + lots] 
A 2 i^tA + lots 
A^~^dtg + lots. 


2(n - 2) 

We used Proposition I3.3I in the third line and the fact from Ricci flow (Chow-Knopf [13j . Theorem 

n 

3.13) that a[DA]{() = |Cp in the fourth line. Let Y = (VA"^~^R)tt. The second term of ([6|) 

can be asorbed into Cw9- 

(~^)" a4-2 

2(n- 1) 


A 2 VjVjR + {CYg)ij — 


(- 1 ) 


--1 


4(n — 1) 


2 " n o (—1)2 1 n o ( — 1)2 . n r, 

A 2-2ViV,'R + V^^A 2-2VjViR + A—i_A 2 -2v,;V,'R 


4(n — 1) 


4(n — 1) 


*r 


+ 


(-1)- 
4(n — 1)" 


n o_ _ 

A 2 2v,ViR + lots 


3 '' t 


= lots. 
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We commuted and Vj and used Proposition 13.21 to commute A 2 ^ and VjVj. So the principal 
symbol of the system ([S]) is 

a[D{d + Cw9m)=^^^^\C\'^- 

Since the PDE has order n with respect to g, ([5]) is strongly parabolic. 

So there exists e > 0 for which the solution to ([5]) exists for t € [0, e) via parabolic PDE theory. 
Next, there exists a family (pt : M ^ M of diffeomorphisms satisfying 

I = idiu- 


for t € [0,e). The existence of the pt follows from the existence and uniqueness theorem for 
nonautonomous ODE on manifolds, and the uniform e follows from bounds on W that result from 
the compactness of M. We now show that dt{p>*g) = Eirst, if p G M and vi,V 2 G TpM, 


^*s+t9{s + t){vi,V2) - (p*s+tg{t){vi,V2) 
s-^-O S 


lim lim[{{ips+t)*viy{{(ps+t)*V2y] 

s—^O S s—^0 

{dt9)ijiipt*viyi(pt*v2y 

(pldt9{vi,V2). 


So 

dt{v’*t9) 


y^*s+t9{s + t)-iplg{t) 

s-^-O S 

^*s+t9{s +1) - P>*s+t9{t) ^*s+t9{t) - ^tgjt) 

s-^-O S s->-0 S 

(p*tdt9 + ds\s=oiPt+s9{t)) 

n 

ipl[{-l)^0{g) + 2[n-l)(n-2) W + ^W9{t)] + « V’t+s) 

n 

{-l)^0{ip;g{t)) + 2(n-lil-2) [^^~^Ri'ft9{t))M9it) + ^U^w9it)) - 

n 

{-l)^0{plg{t)) + 2[n-l)(n-2) 


Since (^o5(0) = 5(0) = h, plgit) satisfies ([H). Therefore these diffeomorphisms pull back the short 
time solution of Q to give a solution of ([1]) that exists for f G [0, e). □ 


4. Local Integral Estimates 


In this section, let (M^,g) be a Riemannian manifold that is a solution to the AOE on a 
time interval [0, T). We give local estimates for V^Rm for all /c G N. We need to use local 
estimates since we can only convert estimates to pointwise estimates locally. These local 
pointwise estimates are used in the proof of the pointwise smoothing estimates given in Theorem 
11.11 Specify the Laplace operator by A = — V*V. Let p G Cy^{M) be a cutoff function with 
constants A, Ai >0 such that 

sup |V<y9| < Ai, max sup |VVI < 

IG[0,T) 0<i<fte[o,T) 


Lemma 4.1. Suppose M,{p satisfy the above hypotheses. Let A he any tensor and p > l,q > 2. 
Then 


I- 


pP{A<^A,A) = {-ir 


[ 

J\u 


b>0] 7^0 




2g-2 

VM + / E 

Jm .^0 


Rm * V*A * A. 
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Proof. We first claim that if > 2, then 


2q-2 

AM = (-1)''(V*)'?VM + ^ * VM. 

i=0 


If g = 2, we get, using Proposition 13.21 that 


= -V*VAA 

= -V*AVA + V*[VRm * ^ + Rm * V^] 

= (V*)2V2^ + V^Rm * A + VRm * VA + Rm * V'^A, 


which agrees with the claim. Suppose the claim is true for every integer less than g. First, 


am = -V*VA«-^A 


2q-3 


= _v* A^-^VA + v2‘'-3-*Rm * VM 

i=0 
2q-3 

-V*A'?-iVR + Y [V^''"^“*Rm * VM + * V*+^A] 

i=0 

2q—3 2g—2 

-V*A'?-iVA + Y V2‘'“2“Mm * VM + Y V^‘'“^“Mm * VM 

i=0 i=l 

2q-2 

-V*A'?-iVR + Y V^‘'“^“Mm * VM. 

i=0 


Applying the last equation above and then the inductive hypothesis. 


2q-2 

am = -V*A‘'-iVA + Y V^'^-^-Mm * VM 

i=0 

2(j-4 


= -V* 


(_1)9-1(V*)'?-1v'?"^VA + Y v2''-^“*Rm * V*VA 


2g-2 


+ Y V2^"2"*Rm * VM 


i=0 


i=0 

2(j—4 2q—4 2q—2 


(_1)9(V*)'?VM + Y V29"3“*Rm * V*+^A + Y V^'^-^-^Rm * V^+^yl + Y V^^'^'^Rm * VM 

i=0 2=0 2=0 

2q-3 2q-2 2q-2 

(_1)<?(V*)'?VM + Y V^''"^“*Rm * VM + Y V^^"^“*Rm * VM + Y V^^"^“*Rm * VM 

i=l i=2 i=0 

2q-2 

(_1)<?(V*)'?VM+ Y v29-2-*Rm * VM. 

i=0 
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This proves the claim. We compute 


(_l)q+i /" V'iA*V'^{ipPA) = [ VM* * VM 

J M J M 

r 

..X E V“Vi * • • • * * VM * VM 

^[¥3>0] -^Q |a,|=g_j 

r 

= (-1)^+^ / V * VM * 

•>'[v^>o] ^ 


Finally, applying the claim, 


[ <^P{A<iA,A) = [ (^p/(-l)''(V*)«VM+ V V2‘'-2-*Rm* VM,^\ 

Jm Jm \ .^0 / 

= (-l)W VPA*V‘^{ipPA) + V (^PV2'?-2-*Rm * VM * A 
./m Jm 

^ ^ 2g-2 

= (-1)'^ / * VM * VM + / V (/v2'?-2-*Rm * W 

■tb>0] -^g Jm 

Proposition 4.2. Suppose M,ip satisfy the above hypotheses. If p > l,k > 0, then 


A* A. 


□ 


f+fc-i 


(7) |^(/|V"Rm|2 = -^|<^|Vt+"Rm|2 + |v:,P ^ Pf+fc_;+2(Rni) 

M M 


+ / *(vp) * V'^+^Rm* V^+^Rm. 


[ip>0] 


i=0 


Proof. First, we have 


dt 


[ ^pP\V’^Rm\^dVg = 2 [ ipP 

Jm Jm 


^V*^Rm, V'^Rm ) dVg + [ (/|V^Rm|' 

k>t / Jm 


dt 


dVr,. 


We can expand the first integral by substituting Proposition 13.51 which states that for our flow. 


dt 


V'^Rm = ^ 


t+i 


- + 1 
2 


2(n-2) 


Atv'^RmT P. 


172 — 2j+fc+2 


(Rm). 


i=2 
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Applying Lemma l4.1l to the first term of ^V^Rm gives that 


(- 1 ) 


n — 2 


—j 

M 


V^^Rm, V'^Rm) = 


(_l)n+l 
re — 2 


^ P} \ip) * V^+*Rm * V^+5 Rm 


b>o] 


+ 


i=0 


* V^+*Rm * V^Rm 


M ®“° 

(^P|V?+^Rmp 


M 


+ / ^P} *((^)* V*^+*Rm* V^+^Rm 


k>o] 


i=0 


+ J ifPP^+^’^-^iRm). 


M 


Substituting the second term of ^V^Rm into the inner product gives that 


I ^^’/v^Rm,^P, 

M ' *=2 


n—2i-\-k-\-2 


(Rm) ) = 


^+2 


■n—22 +Ai+4 


(Rm) 


M 


i=3 
}+k-l 


■ J Y1 ^|+fc-z+2(Rm)- 

M 


Since 


^ = A^-^Rc + p;^-2*(Rm) 

ot ^ 

1=2 

n 

2 

= V”"^Rm + V'^-^+^Rm + ^ Pp-^\Rm) 

n 

= ^L>-2*(Rr 


i=2 


(,m 


i=l 


we have 


n 

[ (^P|V^Rmp^ = [ ipP{V’'Rmy‘^y" P^-^\R. 
Jm ot Jm ^ 

n 

= / 


/* 

/ »’’’E 

i.3 


»y‘+2‘(Rm) 

^"-^‘+“+4(15111) 
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f+fc-1 


l=k 


Combining all of these results yields 


dt 


M 


9jP|V*=Rm|2 ^ -L_ J <^P|vt+^Rm|2 + J p} \ip) * V^+*Rm * V^+^Rm 


M 


[¥3>0] 


i=0 


f+fc-1 


f+fc-1 


+ f 4,PP3“+“-2(Rm) + f<J^ Y. ^’|C-I+2(Rm) + / P" E R|+l=-i+2(R-") 

i, M '-<= i '->! 

n_l 

- — j <^P|Vt+^Rm|2 + [ Y1 * V^+*Rm * V*^+tRm 

M [v2>0] 

. t+^-1 

J Y. ^|+fc-^+2(Rni). 


+ 


M 


□ 


We estimate the last two terms of ([7|). First, we recall two corollaries from the paper [27] of E. 
Kuwert and R. Schatzle. 

Proposition 4.3. (\n\ . Corollary 5.2) Suppose M,(p satisfy the above hypotheses. Let A be a 
tensor. For 2 < p < oo, s > p, and c = c{n,p, s, Ai), 


/ |VA|V*) ' < 6 ( / IV^AIV^" ) ' + - / 1^1 V 

<M J \Jm j e V-^[¥’>0] 


s—p 


Proposition 4.4. /|27j. Corollary 5.5) Suppose M,(p satisfy the above hypotheses. Let A be a 
tensor. Let 0 < ii,... ,ir < k, ii + ■ ■ ■ + ir = 2k, and s > 2k. Then we have 


/ 

J M 




< c 


r-2 


IM 




where c = c{k, n, r, s, Ai). 

We estimate the last term of l|7|). 

Lemma 4.5. Suppose M,(p satisfy the above hypotheses. If I > l,q > 0, then for every e > 0, 

[ \VRm\^ < e [ (^2;+9+2|v;+1j^jj^|2 ^ ^ ^'?|Rni|2. 

Jm Jm e J[if>0] 

where C = C{n,l, Ai,q). 

Proof. R I = 1, the inequality follows immediately from Proposition 14.31 Assume that the the 
inequality is true for all integers at most 1. Then 

J (^2i+2+g|v«+iRni|2 <ij y52;+4+g|v'+2Rm|2 + £ J ^2Z+g|vZRj^|2 


<2 


2Z+4+g 


|V'+2Rm|2 + --L [ ^2«+q+2|y«+lj^^|2 ^ f <^g|Rj^p 

e 2C J e e J 

I j 992^+^+''|V'+2Rm|2 +ly (^2Z+g+2|yi+lj^j^|2^_^ J y,<?|Rjn|2. 
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Collecting terms, we see that the statement is also true for / + 1. 

Lemma 4.6. Suppose M, ip satisfy the above hypotheses. If q > 0 and <l < q, 

[ \VRmf + Ce"' / 

Jm Jm J\ifi>0] 


□ 


where C = C{n,l,Ai,r). 

Proof. Let m = q — 1. The desired inequality is equivalent to 


( 8 ) 


[ (^2-?-2m+r|y5-mj^^|2 < /■ (^2g+r^ /" 

Jm Jm J[ip>o\ 


We prove this inequality by induction on m. If m = 0 the inequality is true: 

f v^2g+r-|v<?i^jn|2< /■ ^p^g+r\^qYim\‘^ + Ce-^ [ <y9nRr 

Jm Jm J\v:>>o] 


Assume the inequality Q is true for every integer less than m. Then 


I ,p2q—2m+r 

Ja 


|V'?-”^Rm|2 < e / (^ 29 - 2 m+r+ 2 |yg-m+lj^j^| 2 ^^^m-g ^ (^’'|Rm|2 

Jm J[ip>o] 

[ v929+>'|v'?Rm|2 + eCe”*-9-^ / ip''\Rmf + C[ ^"1^ 

J M J [99>0] J [(/5>0] 

= e^ [ v;29+r|v9Rm|2 + Ce'"-'? / 

J M J [u^>0l 


'[ifi>0] 

We applied Lemma 14.51 in the first line and the inductive hypothesis in the second line. 


□ 


Lemma 4.7. Suppose M, ip satisfy the above hypotheses. Let 0 < i < ^ — 1 and p> n + 2k. Then 
for every <5 > 0, 


[ P} \ip) * V^+'^Rm * Vt+^Rm <C6 [ ^P|Vt+^Rm|2 + 

Jm Jm 


'[V3>0] 


A 


p—n—2k 


|Rmp, 


where C = C{n,k,p,A,i). 

Proof. We apply the Cauchy-Schwarz inequality: 

* V*+*^Rm* Vt+*^Rm < C(A) [ * v*+*^Rm * Vt+*^Rm| 


IM 


' M 


<Ce^ [ v/|v5+^Rmp + Ce-^ / ¥?P-"+2*|V*+*^Rm|2. 

J M J [v?>0] 

The second term can be estimated using Lemma 14.61 

[ (/jP-^+2i|yi+fcj^^|2 ^ 


'[(/3>0] 


'[(/3>0] 

< 


-A|v*+^Rm|' 


^2{i-\-k)-\-{j}—n—2k) \ 

'2 + Ce-*-^ 


[ iVt+'^Rmp + / (/?P-”-2^|Rm|2. 

JM J [ 92 > 0 ] 


If /3 = ^ — z — /3, then (5 = If we set <5 = e 4 , then e = ( 5 »- 2 i and 


= <5 


— n — 2i — Ak 
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Therefore 

"" v5+''Rm< [ (^P|V^+^Rm|2 + Ce"^+^ 

Jm 


IM 


-P+TT-l 


Vt+*=Rm|' 


IM 




k>0] 

/ n I 1 o —n —2i —4/c / 

<C(5 / (^P|V2+^Rm|2+ C5 ~-2i / 

Jm J[ip>o] 


p—n—2k 


|Rm|' 


□ 


We estimate the penultimate term of ([7|). 


Lemma 4.8. Suppose M, ip satisfy the above hypotheses. Let K = max{l, ||Rm||cxD}. If p > n + 2k 
and k<l<^ + k — I, then for every 6 satisfying 0 < <5 < 1, 

[ P^Pl\k_i+2i^m.)<C6 [ (^P+-+2fc-2Z|^t+^Rm|2 + Ci^f+^52i3|bs||Rm||2^^ 

Jm ^ Jm 

where C = C{n,k,p,Ai,l). 

Proof. Since p>n + 2k>n + 2k — 2 = 2(^ + A; — 1), Proposition 14.41 implies 


!■ 


¥^Rf+fc-z+ 2 (Rm) < C||Rm| 


+k-l 


pP\p^Rm\'^ + ||Rm|||[^>o] 


'M 


Let e = K i( 5 n+ 2 fc- 2 i. ’We have p — 21 > n + 2k — {n + 2k — 1) = 1. Via Lemma 021 


C||Rml 


f+fc-z 


[ (^|V'Rm| 

Jm 


2 < CRTf+fc-'ef 


/ 

Jk 


+ CK2 


^„+2fc+p-2Z|yf+fcj^^|2 

J [¥3>0] 

= C6 [ (^n+2fc+p-2Z|yf+fcj^j^|2 ^ (J j^^+k g f (^P-2Z|R. 

Jm J\u}>0\ 


Since k<l<^ + k — I and 0 < 5 < 1, we get 52 i-n- 2 k > ^ ™ > 1 and K * < RT 2 . Therefore 

[ yPPn+k-l+2(^Pkl)<C6 [ (^n+2fc+p-2Z|yf+fcj^^|2 ^ f (^-2«|Rni|2 

JM 2 JM J \ ip > Q \ 


'[^> 0 ] 
+ Rf+A:-Z 


Il^™ll2,[95>0] 


< 


C6 [ (/?P+"+2*^-2'|Vt+^Rm|2+ CR:t+^527=ibfc||Rni||2 

JM 


[ip>0] • 


□ 


Proposition 4.9. Suppose M,p satisfy the above hypotheses. Let K = max{l, ||Rm||oo}- If P > 
n + 2k, then for every 5 satisfying 0 < 5 < 1, 

5i||(^IV^Rm||2 < -^Ilypivt+^Rmlli + CK^+’^\\Rm\\l^^^,^ 


where C = C{n,k,p,A). 
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Proof. Applying the estimates from Lemmas 14.81 and 14.71 to the equation ([7]) in Proposition 14.21 we 
obtain 

< -^||<^lv5+'=Rm||2 

f+fc-i 

+ [Cih||(^i+t+^-'vt+^Rm|2 + CiA:t+^(52i=ibF||Rni||2^[^^oj 

l=k 


t-1 


+ Y [C25||(/^2 vt+^Rm||2 + C 26 ||^2-t-^Rm|| 


2,[(/j>0] 


i=0 


where Ci = Ci{n,k,p,A,l) and C 2 = C 2 {n,k,p,Ai,i). From the inequalities 


, 2n + 4/c n + 4/c 2 — n — 2k n + 2k 2k 

l-n-2k<l -<-, -<1 + -^-r<- 

n — 2i n 2 21 — n — 2k n 


we conclude 

/ 2Z _n_ li _4fc \ 

max \ \d^i-n- 2 k ^;r= 2 i : 0 < i < | — l}j = 


Therefore 


dt\\p^A/^RTa.\\l < vt+^Rm||| + C5||(^iVt+^Rm||| + CA:t+^(5i-'^-2^||Rm"2 


2,b>0] 


< -2^||v^"vt+^Rm||i + CA:t+"||Rm|| 


2,[(/j>0]> 


where 


f+fc-i f-i 

E C'i + EC2. 

l=k 2=0 


□ 

Proposition 4.10. Suppose M,p satisfy the above hypotheses. Suppose max{||Rm||oo, 1} < K for 

r ^ T , 

alltG[0,aK 2 ]. Then 


||y, 2 (™+i)v>Rm ||2 < Ct 2 sup ^ ||Rm||i2(t)j<^>o], 

te[0,aK-^] 


where C = C{m, n, a, A), for all t G (0, aK 2 ]. 


m—1 

k=0 


2 

2,b>0]- 
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Proof. Define 














Using Proposition 14.91 

dG 




dt 


m—1 

k=l 
m—1 

+ E ^ll<^^^"^'^Vt("+i)Rni||2 +Cn,Rt(^+i)||Rni||2^[^>0] 

k=0 

m—2 

+ Y l^k+i{k + l)t''||(^^(^+^)vt(^+^)Rm||i 

k=0 

m—1 


If 


k=0 


mr‘-"||(/j2"^V2'"Rm||2 - /5^_^^^^t"*-i||(^2"^V2"^Rm||2 = 0 
then (drn-i = 2(n — 2)m. If for k satisfying 0 < k < m — 2, 

Pk+i{k + l)t'^||<^t(^+i)v?('=+i)Rm||2 - /3;,^^ifc||(^?(^+i)vt(^+i)Rm||2 = 0, 

then 

h = 2(n -2){k + l)/3fc+i 

= (2n - 4)—- 1) • • • (A: + l)Pm-i 
= (2n — A)"^~^m\/k\. 

Also define /3m = 1- Using these choices for /3fc, 0 < /c < m and choosing tg € [0, a-K~^] such that 

l|Rm|lL2do),b>o] = sup ^ ||Rm||i 2 (t)j^>o], 
te[0,aK-9] 

we have 

k=0 

m 

k=0 

Therefore 

^m||^t(m+i)vf-Rm||2 < ^ < /3o||Rm||i,+ Ci^t ||Rm||i,(,^)_[^>o]t 

< (/3o + «C')l|Rm|li 2 (i(,)ji^>o] 

= C'||Rm||^2(iQ) 

proving the proposition. □ 
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Proposition 4.11. Let {M'^,g(t)) be a solution to the AOF for t € [0,T). Let (p € C^{M) be a 
cutoff function such that 


max sup ||VVIIc'0(M,g(t)) < A. 
o<i<2te[o,T) 


Suppose max{||Rm||(70(A^^g(t)), 1} < K for all t G [0,aK 2], Then, for every I > 0 and all t G 

(0,aK-^], 


||(^'+2 v'Rm||i2(M,g(t)) < (^(1+ t r2//nl/2^ ^ ||Rm||i2(,^pp(^)_g(t)), 

te[0,aK~^] 


where C = C{1, n, a, A). 

Proof. Let I = + r, 1 < r < j. Then, applying Lemma 14.61 and Proposition 14.101 we get 



,n(m+l)+2r|yfm+rj^P^|2 ^ 



^n(m+2)|yf (m+l)j^j^|2 ^ Q' f 

J [<p>0] 


<t-(”^+^)C'02 + C'02 


||(^'+tv'Rm||^2(,) < 0(Ct-^ +C'), 


where 

0= sup ^ l|Rm||i 2 (t)j,^> 0 ]- 
te[0,aK~^] 


□ 


5 . PoiNTwiSE Smoothing Estimates 

Let {M,g{t)) be a solution to A0F and let y? be a cutoff function on M. We give estimates 
of |VVlg(i) for 1 < i ^ that depend on spacetime derivatives of the metric and |VVlg(o) for 
0 < i < §• We then give a proof of the pointwise smoothing estimates given in Theorem 11.11 

Lemma 5.1. Let M be a manifold and g{t) be a one-parameter family of metrics on M. For a 
function p G C^{M) and i >2, 


i—1 

i=i 

Proof. If i = 2, the statement is true since via Proposition 13.31 we have 

dt'V'^T = VdiVip + Vdtg * Vp = Vdtg * Vp. 
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Suppose i > 2 and the statement is true for every j such that 2 < j < i — 1. Then, using Proposition 
13.31 in the second line, 

= V9iV*"V + ^dtg * V*" V 

i-2 

= V ^ * VV + Vdtg * V*" V 

i=i 

i-2 i-2 

= V^-^dtg * VV + Y ^'~^~^dtg * V^'+V + ^dtg * V*" V 

i=i j=i 

i—1 i—1 

= Y ^"~^dtg * VV + Y 

i=i i=2 

i—1 

= ^ W^~^dtg * VV- 


Proposition 5.2. Let M be a manifold and g{t) be a one-parameter family of metrics on M. For 
a function ip G C‘^{M) and i > 1, 

i 

dt\S/^ip\Y = Y * VV * VV- 

i=i 

Proof. We compute, using the preceding Lemma 15.11 in the second line: 

9t|VVIg(t) = dtg * VV*" + 5iVV * vV 

i—1 

= dtg * V^ip*'^ + Y * vV * vV 

i 

= ^ * vV * vV- 


Proposition 5.3. Let M be a Riemannian manifold with a one-parameter family of metrics 
{5(^)}te[o,r] o.iT'd P G Cf°{M). Fix i > 1. Suppose that, for each j satisfying 0 < j < i — 1, 
there exists Kj > 0 such that dtg{x,t)\g(^t) < on suppy? x [0,T] and, for each j satisfying 
1 < j < L there exists Cj > 0 such that |VWo) ^ Cj on suppy?. Then there exists a constant Q 
such that 

IVVIJW < a = QiKo, ..., C;,..., C', T). 

Proof. Let i = 1. Then Proposition 15.21 gives 

dtNpllit) = dtg * < CKo\Vp\l^,y 

Solving the differential inequality, we get 

^ Cf 

which proves the proposition for i = 1. 
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Fix i > 2 and suppose that the proposition is true for every j satisfying 1 < j < i — 1- Let 
f{t) = |VVlg(t)- Then, via Proposition 15.21 

^ ^ \V^~^dtg * VV * VVI 

J = 1 
2—1 

< J] |V*-^at<7||VV||VVI + |5t5||VVl' 

2—1 

<Y,CKi_jCjf-2 +CKof 
i=i 

= C{Ko,...,K,_uC[,...,C'_„T){l + f). 

Solving the differential inequality, we get 

1 + fit) < (1 + fio))ct 
|VVlJ(i)<(l + |VVlJ(o))e^^ 

□ 


Proposition 5.4. Let {M'^,g{t)) solve AOF on [0,T], where n > 4. Fix r > 0. Suppose there exist 
X G M, r > 0, and K > 0 such that 


(9) 


max 


1, sup (a;,2r),g(t)) 


[o,r] 


3n/2-3 


2 

j=l lOPJ 


Then for all I > 0 and t G (0, T], 

(10) l|V^ll'™llL2{Bg(T)(*,r),g(t)) < ^*(1 + ^ SUp ||Rm|| £,2(3,^2r),g(t))) 

£G [OjT’] 

where C = C{n, I, K, T, i). 

Proof. Let (/? be a cutoff function that is equal to 1 on Rg(£)(x,r) and supported on Rg(£)(x,2r). 
The inequality ([9]) provides bounds for the first § — 2 covariant derivatives of Rm, so that 

(11) II VVIIc'0(M,s(r)) < C'{n, K, ^). 

—J — 2 


The inequality (llip provides bounds for the first ^ covariant derviatives of gp at time T, and the 
inequality Q indudes bounds on the first § — 1 covariant derivatives of O. We therefore are able 
to, for each t G [0,T] and j satisfying 0 < j < ^, to obtain via Proposition 15.,41 bounds given by 

l|VVllco(M,g(t)) < Cjin,K,^,T). 

Therefore, via Proposition 14.111 

IIV < \\g> 2 V Rm||£2(jy£^p,(j)) 

< C(1 +t“r2pnl/2^ g^p ||Rm||£2(,„pp(<^)^g(t)) 

iG[0,T] 

= C(1 +t-r2//nl/2) g^p ||Rm||£2(B (,,^2r),5(t)) 

te[o,T] 
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where C = C{n, I, K, T, i). 


□ 


We are now able to prove the pointwise smoothing estimates given in Theorem 11.11 

Proof of Theorem \l.l[ We adapt the proof of Theorem 1.3 in Streets [38]. We will show that if this 
inequality fails, we can construct a blowup limit that is flat and has nonzero curvature. Consider 
the function given by 

m ^ 

fm{x,t,g) = ^ |V^Rm(5r(x,t))|g'(+). 

1=1 


It suffices to show that 

( 12 ) 


fm{x,t,g) < C 



since for every I satisfying 1 < / < m, 


2 2 / 1 
|V^Rm(5r(x,t))|^|/) < |VRm(5(x,t))|y^) = fm{x,t,g) < C Ik +— 

1=1 ^ 


and 


1 + 2 m+2 

|V'Rm(g(x,t))|,(i) < c (^ i ^ + 4 ) ' <c{k + ^^ 

Suppose that the inequality (fT^ fails. It suffices to take m > ^ — 3. Without loss of generality, 
for each 1 E N there exists a solution to AOF {Mf,gi{t)) and {xi,ti) E Mi x (0,T] such that 


• , fm{Xi,ti, gi) fmix,t,gi') 

I < - 2 - = sup - — 

MiX(0,T] K + t~^ 

and define a new sequence of blown up metrics by 

_ 71 

9i{t) = KgiiU + \ ^t), 


< oo. 


where A* = fmixi,ti, gi). We will show in the next section that these metrics also solve AOF. These 

n 

metrics, which are defined for t E [—A?tj,0], are eventually defined on [—1,0] since as i —>■ oo, 



fm{Xi,ti, gi) fmixijtij gi) 


> 


K + t: 


oo. 


Replace the sequence of AOF solutions {(Mj, with the tail subsequence for which XfU > 

1. The curvatures of these manifolds converge to 0 since as z —>■ oo. 


Ai 


K 


fniixi, til gi) 
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< 


K + t] 


fm{Xi, ti, gi) 


( 13 ) 








Furthermore, there is a uniform (7™ estimate on the curvature given by 

n 


fmix, t, Qi) 


ti + , gi') 


(14) 


_ fm{Xi,ti + tX- ^ ,gi) 

ti, gi) 

_ n 2 

^ K + {ti + tX^ ^ 
- 

K + tr 

2 

2 ^ 


for alH € N and {x,t) ^ Mi x [—1,0]. 

Let ifi : i?(0,1) Mi be given by exp^,. with respect to 5 i( 0 ) for each i € N and hi{t) = ip*gi{t). 
The uniform bound on Rm(^(t)) given by (|14l) induces a uniform bound on (see Petersen 
[35]) which permits the uniform (7™ estimate (I14p on Rm(^(t)) to lift to a uniform (7”* estimate 
on Rm(/ij(t)). Furthermore, hi{t) solves AOF for all i since (pi does not depend on t. 

Since m > ^ — 3, we have uniform bounds on V^O{g{t)) for 0 < j < ^ — 1. Via Propo¬ 
sition EM we obtain uniform bounds on the L^(R/j.(o)( 0 , ^))-norms of all covariant derivatives of 
Rm(/ij(0)). Since the metrics hi{0) are uniformly equivalent to the Euclidean metric, the Sobolev 
constant of R/i.(o)(0) 5 ) is uniformly bounded for all i. Via the Kondrakov compactness theorem, we 
thus obtain uniform bounds on the (7°(R/j.(o)(0, i))-norms of all covariant derivatives of Rm(/ij(0)). 
The Taylor expansion for hi in terms of geodesic coordinates about 0 with curvature coefficients can 
then be used to obtain uniform bounds on the (7°(R/j.(o) ( 0 , |))-norms of all covariant derivatives of 
hi{0). Finally, by the Arzela-Ascoli - type Proposition 17. 101 after taking a subsequence, still named 
{/ij(0)}jgN, we get hi{0) hoo in (7°°(R(0, ^)) for some Riemannian metric hoc- We have already 
shown with inequality (fT^ that (R(0, ^),/ioo) is flat. However, for all i G N, 


fm{Xi, 0, gi) 


Z]|ViRm(5i)(a;*,0)||Jo) 




.7+2 


^(A. 2 \V^Rm{xi,ti)\g^tp 

j=l V 

m ^ 

i=i 

A-^A,; = 1. 


2 

2+j 


Also, /m(0,0, hi) = 1 for all i since ((/ 9 j)* is the identity map at 0. Therefore /m(0,0, hoo) = 1- This 
is a contradiction, thereby proving the the inequality (I12p . □ 


6. Long Time Existence 

In this section, we prove that if a solution {M,g{t)) to the AOF only exists for a finite time T, 
then ||Rm||oo becomes unbounded along a sequence {(x„,tn)}^i C M x [ 0 ,T) with f T. We 
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will prove this theorem by showing that if actually 

(15) sup ||Rm||c-o(g(i)) = K <oo, 

te[o,T) 

then the solution g(t) exists past the time T. In order to show this, we show that (1151) and the 
pointwise smoothing estimates on |V^Rm|g(i) induce bounds on \V’^g{t)\g with respect to some 
hxed background metric g and connection V. We also show that (I15p implies uniform convergence 
of g{t) to some continuous metric g{T). The bounds on \V^g{t)\g imply that g{T) is smooth, so 
that we can extend the solution g{t) past the time T via the short time existence theorem 13.61 
We first show that if (I15p holds, the metrics g{t) converge uniformly as t "p T to a continuous 
metric g{T) equivalent to each g{t). The following lemma is from Chow-Knopf |13j : 


Lemma 6.1. Let M he a closed manifold. For 0 <t <T < oo, let g{t) be a one-parameter family 
of metrics on M depending smoothly on both space and time. If there exists a eonstant C < oo 
sueh that 



dt<C 


for all X € M, then 

e~^g{x,tf) < g{x,t) < e^g{x,0) 


for all X £ M and t G [0,T). Furthermore, as t f T, the metrics g{t) converge uniformly to a 
continuous metric g{T) such that for all x G M, 

e~^g{x,D) < g{x,T) < e^g{x,0). 


Lemma 6.2. Let M be a compact manifold and let {M,g{t)) be a solution to AOF on [0,T) such 
that 

sup ||Rm||c-o(g(i)) =K <oo. 
te[o,T) 

Then g{t) converges uniformly as tf T to a continuous metric g{T) that is uniformly equivalent to 
g{t) for every t G [0,T]. 


Proof. Since Proposition 12.31 states that 


dt 


. , n 

(- 1 )^ 

n — 2 


A?-^Rc + 


/ \ 1 
(- 1 )^ 

2(n- 1) 


At-2v2 


n/2 
1=2 


,n-2j 


(Rm) 


in order to apply the preceding Lemma 16.11 it suffices to show that |V^Rm|g(^) is bounded on 
M X [0, T) for al k satisfying 0 < A: < n — 2. Using the smoothng estimate provided in Theorem 
11.11 we get 

max sup iV^RmLo-) < max sup iV^RmLo) + C(R+ ^ 

0 <fc<n- 2 A^x[ 0 ,r) 0 <fc<n- 2^^[0 T] ’ 


where C = C(n) and K = max{R', 1}. 

So ^ is bounded on M x [0, T) and the metrics g{t) converge uniformly as 11 ^ to a continuous 
metric g{T) uniformly equivalent to each g{t). □ 


Since M is a compact manifold, we can obtain bounds on \V^g{t)\g by taking the maximum of 
bounds taken on finitely many coordinate patches. On such a coordinate patch, we can assume that 
the fixed metric is just the Euclidean one. Thus we will only need to bound the partial derivatives 
of g and O. 
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Lemma 6.3. Let M be a compact manifold and let {M,g{t)) be a solution to AOF on [0,T). Fix 
m>0. Suppose that for 0 < i < m + n — 1, there exist constants Ci such that |V^^^^Rm( 5 ((i))|g(j) < 
Ci on M X [0,T). Then for all t G [0, T), 

\d'^9it)\g{t) < Ci{g{0),Co 
\d^d{t)\g^t)<C2{g{0),Co , . . . , C*m+n—l). 

Proof. We prove this by induction. First we bound dg. We have 

dtdg = ddtg = {V + T) * dtg = vd+ T * O. 

From the definition of O, we obtain the bound VO < C(C'o,..., Cn-i). Then, since 9fF = Vdtg = 
VO, F can be bounded in terms of the inital metric and VO after integrating. So dO = dtdg is 
uniformly bounded by C{g{0), Cq, ..., Cn-i), and so is dg after integrating. 

Assume that 

\d"g\ < C{g{0), Co,..., Ci+n-i) for 0 < i < m - 1, 

\d'-d\ < C{g{Q), Co,..., Ci+n-i) for 0 < f < m - 1, 

|5T| < C{g{C),Co,... ,Ci+n-i) for 0 < i < m - 2. 

We wish to bound d'^g. It suffices to bound d'^O since dtd^g = d^dtg = d'^O. We can express 
d'^d as 

m—1 

(16) = v"*o+^ P"*-*(r), 

i=0 

where P^(A) is defined to be some polynomial in A such that for each term the sum of the number 
of partial derivatives of g in each factor is at most k. The following is a proof by induction. First, 
the equation holds when m = 1: dO = (V + r)*0 = V0 + r*0. Assume the equation ([16]) holds 
for 0 < i < m. Then 

Vm+i0 ^ (a + r)v™o 

m—1 

= + d^d * p^(r) + * p”*-*(r) + d^d * p”*+i-*(r) + r*d^d* p™-*(r) 

i=0 

m—1 

= d^+^d + d^d * p^(r) + Y * p”*-*(r) + d^d * p”^+i-*(r) 

i=Q 

m m—1 

= d^+^d + d^d * p^(r) + Yd"d* p™+i-*(r) + Y9"d* p”^+i-*(r) 

i=l 2=0 

m 

= + p”^+i-*(r). 

i=0 

From the equation (|16ll . we see that in order to bound d^O, we only need to bound d'^~^T. We 


have 


(17) 

m—1 

dtd^-^T = d^-^dtV = Y 

i=0 
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We bound (9* VO via the equation 


(18) a*vo = ww * p*-^+i(r). 

i=i 


In order to verify this via induction, we have that for i = 1, dVO = V^O + F * VO. If the equation 
holds for the ith partial derivative, 

5*+^VO = (V + r)5*vo 
= V*+20 + Y 

i=i 

2+1 2 2 
= v*+^o + Y + Y + v*+^o * p^(r) + Y * P*“^'+^(r) 

1=2 i=i i=i 

i+l 

= v*+^o + Y * P*"^'+^(r). 

i=i 




2 

[v^'+^O * P*“^+^(F) + V^'O * P*“^'+2(F) 

+ F* 

V*+i0 + Y VW * P*“^'+^(F) 
i=i 


IfO<i<m — 1, then the highest partial derivative of F that appears in equation (|18l) is of order 
at most m — 2, so (9*VO is bounded in terms of covariant derivatives of O and previously bounded 
partial derivatives of F. Therefore, via equation (I17p . and d'^O are bounded. □ 


Proof of Theorem \1.2[ Suppose that equation (fT5]) holds. By Lemma lOl the metrics g{t) converge 
uniformly to a continuous metric g{T) as t f T. We show that g{T) is C°° on M. It suffices to 
show for each A; G N that g{T) is on any coordinate patch since we can take a maximum over 
finitely many of them to show that g{T) is on M. We have 

9{t) = 5 ( 0 ) + / 0(r) dr. 

Jo 

Taking limits as 11 ''^6 get 

aiT) = 5 ( 0 ) + [ 0(t) dr. 

Jo 

This permits us to take the A:th partial derviative: 

9+(r) = 9+(0) + [ d^d{T) dr. 

Jo 

The bounds on d^g and d^O from Lemma 16.31 therefore imply a bound on d^g{T). So g{T) is C°° 
on M. Furthermore, since 

|9+(r) - 9+(t)| < \d’^diT)\dr < Ck{T - t), 

the metrics g{t) converge in C°° to g{T). So g{t) is a C°° solution to AOF on [0, T], Then the short 
time existence Theorem 13.61 applied to g{t) with inital metric g{T) allows us to extend g{t) past T. 
This contradicts the assumption that T was the maximal time for the solution {M,g{t)). □ 
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7. Compactness of Solutions 


In this section, we give compactness results for AOF similar to Hamilton’s compactness theorem 
for solutions of the Ricci flow. We first prove a proposition that states that for a sequence of 
metrics, uniform bounds on the spacetime derivatives of curvature and the derivatives of the metric 
at one time extend to uniform bounds on the spacetime derivatives of the metric. This is used 
to prove the compactness Theorem 11.31 for a sequence of complete pointed solutions of AOF. We 
then give the proofs of Theorem 11.41 which allows us to obtain a singularity model from a singular 
solution, and Theorem [131 which describes the behavior at time oo of a nonsingular solution. 

We quote some definitions and results from Chow et. al.’s text [T3] on Ricci flow. 

Definition 7.1. ([H] Definition 3.1) Let K C M he a compact set and let {gk}keN, 9oo, and g be 
Riemannian metrics on M. For p € {0} U N we say that gk converges in to g^o uniformly 
on K if for every e > 0 there exists ko = ko{e) such that for k > ko, 

sup sup \ Vg{gk - goo)\g < e. 

0<\a\<pxeK 

Definition 7.2. I fH] Definition 3.5) (C°° Cheeger-Gromov convergence) A sequence {(M^, gk,Ok)}kGN 
of complete pointed Riemannian manifolds converges (in the Cheeger-Gromov topology) to a com¬ 
plete pointed Riemannian manifold {M^,goo,Ooo) if there exist 

(1) an exhaustion {Uk}k&N of Mqo by open sets with Ooo G Uk, 

(2) a sequence of diffeomorphisms ^k '■ Uk ^ 14 := ^k{Uk) C Mk with <hfc(Ooo) = Ok, such 

that bfelUi;]) converges in C°° to {Moo, goo) uniformly on compact sets in Moo- 

Definition 7.3. I fH] Definition 3.6) A sequence {{MJ^, gk{t), Ok)}keN of one-parameter families of 
complete pointed Riemannian manifolds converges to a one-parameter family of complete pointed 
Riemannian manifolds {M^, goo{t),Ooo), t E (q!,w), if there exist 

(1) an exhaustion {Uk}k£N by open sets with Ooo £ Uk 

(2) a sequence of diffeomorphisms ^k ■ Uk ^ 14 := ^k{Uk) C Mk with <hfc(Ooo) = Ok, such that 
{Uk X {a,uj), [gk{t)\vk] + dt'^) converges in C°° to {Moo x {a,u),goo{t) + dt^) uniformly 
on compact subsets in Moo x {a,u}). 

Theorem 7.4. (Cheeger-Gromov compactness theorem) (Hamilton, [2T] Theorem 2.3) Let {{MJ) , gk,Ok)}ken 
be a sequence of complete pointed Riemannian manifolds that satisfy 

|VfRmfc|fc < Cp on Mk 

for all p >0 and k where Cp < oo is a sequence of constants independent of k and 

^ ''0 

for some constant lq > 0. Then there exists a subsequence {jk}k£N such that {Mjj^,gj^,Ojf))}k& 
converges to a complete pointed Riemannian manifold (M^,,^oo, Ooo) as k ^ oo. 

The following proposition allows us to extend bounds on the derivatives of a sequence of metrics 
at one time to bounds that are uniform over an interval. 

Proposition 7.5. Let {M,g) be a Riemannian manifold and L be a compact subset of M. Let 
{gi}i€N be a collection of Riemannian metrics that are solutions of AOF on neighborhoods containing 
L X [/3, 4]- Let tQ E [/3, 4] cmd fix k > n — 2. Let unmarked objects such as V and \ ■ \ be taken with 
respect to g, and let objects such as Vk and | ■ |fc be taken with respect to gk- Suppose that: 

(1) The metrics gi{to) are uniformly equivalent to g for every i E N.' for some Bq > 0, B(f^g < 
gi{to) < Bog. 

(2) For each I < p < k, there exists a uniform bound Cp on L independent of i such that 
|VP5*(to)| < Cp. 
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(3) For each 0<p + q<k + n — 2, there exists a uniform bound Cp^ on L x [/3, if] independent 
ofi such that \^fV^^Rm{gi)\g. < C'pg. 

Then: 

(1) The metrics gk{t) are uniformly equivalent to g for every i € N and t G [(3,p]: for some 
B = B{t,to) > 0, B-^g < gi{t) < Bg. 

(2) For every p,q satisfying 0 < p + q < k, there is a uniform bound Cp^g on L x [f3,if] 
independent ofi such that {dlV^gi^t)] < Cp^g. 


Lemma 7.6. The metrics gk{t) in the above proposition are uniformly equivalent to g on Lx [/3, if]: 
for all V € T^L with x & L, 

B{t,to)-^g{V,V) < gk{t){V,V) < B{t,to)g{V,V). 

Proof. We show that \^loggk{t){V,V)\ is bounded uniformly in k. Fix A: G N. First, 

d 



hkit){V,V) 


gk{t){v,v) 


— log gkit){V,V) 

Since the numerator and denominator are bilinear, it suffices to show the above is bounded when 
gk(y, V) = 1, in which case the right hand side reduces to \dtgk{t){y-, V)\. In order to show this is 
bounded, we use the flow equation (jl]) and the expression for the gradient given by (j2|l. 


^^9k{t){V,V) 


< 


d 


. . ri . . n_1 


njl 


Then 


n — 2 

n—2 

< ^ap|V^(Rmfc)|fc 
n—2 

<Y,apCC'p^^^Co. 

p=0 

Co\ti — to| > [ 
Jto 


2(n- 1) 


i=2 


> 


> 


m 

tl Q 


log gk{t)iV,V) 


dt 


ftQ 


log 


log gk{t){V,V)dt 


dt 

gk{ti){v,v) 


gkito)iv,v) 


which yields 


e-^o\h-to\gk^to){V,V) < gkiti){V,V) < e^°\^^-^°\gk{to){V,V) 
^-ig-Co|q-tol^(y^ R) < gk{h){V, R) < ^)- 


□ 


We will need the following two lemmas in the next proof. 

Lemma 7.7. (Chow et al. [TJ] Lemma 3.13). Suppose that the metrics g and h are equivalent: 
C~^g < h < Cg. Then for any {p,q)-tensor T, we have \T\h < 
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Lemma 7.8. (Chow et al. [13] Lemma 3.11) Let {M,g) be a Riemannian manifold, and let 
{gkit)}ken be a collection of metrics on M. Then for each k, S/gk{t) and Tk{t) — F are equivalent: 

\\Vgk[t)\k < |rfc(i) -r|fc < ^\Vgk{t)\k. 

Lemma 7.9. For every p,q > 0, there is a constant Cp^q independent of k such that \d^V^gk{t)\ < 
Cp^q on Lx [/3, if]. 


Proof. Define the bounds Cj for j satisfying 0 < j < j — n + 2 by 

n-2+j 

\^idk\< Y. apCC'p^o^Cj- 

p=j 

We first prove the lemma for {p,q) = (1,0). Hamilton showed in Theorem 7.1 of 
dfT = g~^ * '^dt9- Then 

IdtiTk -T)\k < C\Vkdk\k < CCi. 

So 


that 


CC,\h-to\> r \dt{Tk{t)-T)\ 

Jto 

> rdt{rk{t)-r) 

J to 


■ dt 


This gives 


-T) dt 

> |rA;(ti) - T\k - |rfc(io) - rU- 

\rk{t) - ru < cci\t - tol + ITkito) - r|fc 
< CCi\t — tol + ||V5fc(to)U 
<CCi\t-to\ + lB^o^^Ci 
<CCi\if-l3\ + lBYCi. 

We used Lemma 17.81 in the second line and Lemma 17.71 in the third line. Then 
|V5fc(i)l < B{t,tof^‘^\Vgkit)\k 

<B{if,(3f/^2\Tk{t)-T\k 

< B{il;,(3f/^{CCi\if - /3| + SB^^^Ci) = Ci,o, 
where we used Lemma 17.81 in the second line. 

Next, we prove the lemma for p satisfying p < k when q = 0. We will show that for p > 1, 
(19) mgk\ < C;\VPgk\ + C;, \VPgk\ < Cp,o. 

If p = 1, then 

\'^dtgk{t)\ < B{t,tof/^\{V - Vk)dtgk + '^kdtgklk 

< B{t, fo)^'^^C'|r — Tk\k\dtgk\k + 

<B{t,tof/^C\Vgk\Co + Ci 

and we have already shown that \Vgk\ < Ci^. 

Let N >2 and assume that (11911 is true for 0 < p < iV — 1. The telescoping identity 

N 

= Y V^“*(V - Vfc)V^-U 

i=l 
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gives 


( 20 ) 


^^dtgk\ 


N 

= Y 1 - Vk)^i-^dtgk + V^dtgk 

i=l 

N 

< Y 1 - ^k)K~"dtgk\ + \y^dtgk\ 

i=l 

N 

= - Vk)dtgk\ + |V'^-'(V - Vk)Vi-^dtgk\ + |Vf 5*5^1- 

i=2 


We estimate the first term of (I20p : 

|V^-i(V - Vk)dtgk\ = \V^-\Vgk * dtgk)\ 

N-l 

< bj\V^-^gk\\V^dtgk\ 

j=0 

N-l 

< boCo\V^gk\ + ^ bjCN-j,o{C!j'Cj,o + C;'). 

i=i 


The first equality is due to the identity 

(21) {gk^i^a{gk)hc + ^b{gk)ac - ^c{gk)ah) = 2(rfc)®{, - 2r®ft. 

We estimate the second term of (|20p : 

N N 

E - Vfc)V*-i5i5A:| = * V^^^dtgk)\ 

i=2 i=2 

N N-i 

^ E E b'j\V^~'~^+^9 k\\y'K" 9tgk\ 

i=2 j=0 

N N-i j 

^ E E E i(v - ^kY^r'dtgki 

i=2 j=0 1=0 

N N-i j 

= E E bjN^-^-^^^9k\ E \i^9kf * Vl-‘^^-%gk\ 

i=2 j=0 1=0 

N N-i j 

^ E E b'jN^-^-^^^gk\ E b1\Vgk\^\Vi-^+^-%gk\ 

i=2 j=0 1=0 

N N-i j 

sEEE b'jCN -i+j-i,obi &iflC 
i=2 j=0 1=0 

We applied (f2Tp in the first and fourth lines. The last term of pOP is also bounded: |V^ dtgk\ < Cjq- 
Collecting the three previous estimates, we obtain 


\S/'^dtgk\<C%\V^^gk\ + C'l^. 
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Applying the preceding inequality, we get 

dt\V^gk\^ = 2{dtV^gk,V^gk) 

< |5tV%|2 + |V%|2 

( 22 ) < (1 + 2{C';,f)\V^gk\^ + 2{C'lif. 

The solution of the ODE dAjda = ciA + C 2 is given by 


(23) 

Applying 


to 


yl(cj) = + ^(1 _ g-ci(a-,7i)) 

, we get 


|V%|2(t) < e(i+2(Cl^)^)h-to) 


< (l+2(C")2)(V;-io) 


|V%r(to) + 


2{C'P‘^ 


'N! 


1 + 2(C")2 


( 1 - 


,(l+2(C")2)(io- 


b) 


CiV + 


2{C'^f 


(1 


_ g(l+2(C" )2)po- 


/.)) 


— '-'Nfl- 


1 + 2(0" )2 

This completes the inductive proof of (11911 and the proof of the lemma for any p when q = 0. Since 
dlV^gk = V^d^gk, a similar proceedure may be used to prove the lemma when q > 0. □ 

Proof of Proposition \7.5\ The two preceding Lemmas 17.61 and 17.91 prove the proposition. □ 

We are now able to prove the compactness Theorem 11.31 for solutions of the AOF. We need the 
following lemma. 


Proposition 7.10. (Chow et al. |14| Corollary 3.15) Let {M'^,g) be a Riemannian manifold and 
let L C M" be compact. Furthermore, let p he a nonnegative integer. If {gk}k€N is a sequence of 
Riemannian metrics on L such that 


sup sup |V“ 5 fc| < C < oo 

0<|a|<p+l xGL 

and if there exists 6 > 0 such that gk(y,V) > 5g(y,V) for all V G TM,then there exists a 
subsequence {gk} and a Riemannian metric goo on L such that gk converges in to goo as k ^ oo. 

Proof of Theorem \1.3\. Since we are given a uniform bound on |Rm(g'fc)|gj,, the pointwise smooth¬ 
ing estimates given by Theorem 11.11 furnish unform bounds on ||V™^^^jRm(g'fc(to))||co(gfe(to)) 
all m € N. Therefore, since the {Mk,gk) are complete, the Cheeger-Gromov compactness Theo¬ 
rem [7]1] yields a subsequence of {{Mk, gk(t),Ok)}k£N, also called {{Mk, gk(t),Ok)}keN, for which 
{{Mk, gkito),Ok)}kef>i converges to a complete pointed Riemannian manifold {M(f,,h,Ooo)- 

Fix a compact subset L of Moo and a closed interval [fdjtp], with to £ W,'4’) of {a,uj). Since 
{{Mk, gk(to),Ok)}kef>i converges to {Moo,h,Ooo), by definition there exists an exhaustion {UkfkeN 
of Moo by open sets with Ooo G Uk and a sequence of diffeomorphisms ^k ■ Uk ^ Vk ^ <hfc(t/fc) C Mk 
with <hfc(Ooo) = Ok, such that if hk = [9kito)\Vk] > then {Uk,hk) converges in C°° to {Moo,h) 
on compact sets in Moo- Since the Uk exhaust Moo, L C Uk for some k. So the metrics hk are 
uniformly equivalent to h on L. We also obtain from the C°° convergence that for each p > 1, there 
exists a Cp independent of x G L and k such that \V^yJik\h < Op. 

Let Gk{t) = d>* [gk{t)\vk] ; then hk = Gk{to). From the pointwise smoothing estimates given by 
Theorem 0 for each p we obtain a bound C'^ q uniform on L x [/3, if] independent of k such that 
|V^^Rm(Gfc)|Gj, < G'p Q on L X [/3,V']. Using the expression of (9tV^^Rm(Gfc) in terms of covariant 
derivatives of Rm(Gfc) given by Proposition 13.51 for each {p,q) we obtain a bound Cp ^ uniform on 
L X [/3,V’] independent of k such that |clj^Vg^Rm(Gfc)|Gfe < Cp^ on L x [/3,V^]. We then conclude 
via Proposition 17.51 that the metrics Gk are uniformly equivalent to h on L x [/3, "0] and that for 
every p,q >0, there is a constant Cp^q independent of k such that {d^S/^Gklh < Cp^q on L x [/3, V’]- 
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The uniform equivalence of the Gk to h and the uniform bounds \d1S/^Gk\h < Gp^q allow us to 
apply an Arzela-Ascoli type Proposition 17.101 to the metrics Gk{t) + dt'^ on L x [/5,ip] and obtain a 
subsequence that converges in G°°{L x [/3, V’], h + dt^) to a metric goo{t) + dt^ such that (7oo(0) = h\ 
we relabel the convergent subsequence as {Gfc(t) + dt'^}kefq. It follows that gooit) + dt'^ is uniformly 
equivalent to Gi{t) + dt^ on L x [/3,■!/;]. Then gooit) + dt^ is uniformly equivalent to h + dt^ on 
L X [/3, V’] since Giit) + dt^ is uniformly equivalent to h + dt^ on Lx \j3, Since (M, h) is complete, 
(M X ia,Lj),h + dt'^) is also complete. The uniform equivalence of gooit) + dt^ to h + dt^ on 
compact subsets of M x (a,w) and the Hopf-Rinow theorem imply that (Mqo x ia,uj), gooit) + dt‘^) 
is complete. 

Since (M^o x ia,Lo), gooit) + dt^) is complete, compact sets are equivalent to closed, bounded 
ones. A compact set in Moo x (a,w) is contained in the compact set that is the product of a closed 
geodesic ball in Moo and a closed interval in (a,a;). So the metrics Gkit) + dt^ subsequentially 
converge in C°°(Moo x (a, w), /i + dt^). Let {Gkit) + be the convergent subsequence. Then 

{(Mfc,g'fc(t),Ofc)}fcGN converges to (Moo, fl'oo(t), Ooo)- R follows that for each p,q, d^V^^Gk 
dt^l^goo and O(Gfc) ^ Oigoo) in C(Moo x ia,uj), gooit) + dt^). Therefore (Moo, 5oo, Ooo) is a 
complete pointed solution to AOF for t G (a,a;). □ 

As our first corollary of the compactness theorem 11.31 we show that under suitable conditions, 
we can obtain a singularity model for the ambient obstruction flow. 

Proof of Theorem \1.4\ We first show that the gi are also solutions to AOF by showing that \lg = Xg 
and g satisfies AOF, given up to constants by 

nil 

dtg = At-iRc +At-2v2R + ^Pj^-2j(Rm), 

J=2 

then g satisfies 

n/2 

(24) dtg = At-ilR ++ 

J=2 

We evaluate the first term of the right side of (|24p : 

At-iR(; = (A"i5"^V2)^“^Rc = A^-tAt'^Rc. 

Similarly, the second term is equal to A^~ 2 A 2 “^Rc. The remaining terms are contractions of terms 
of the form 

V*iRm (g) • • • (g) VbRi)i 

with 2 < j < ^ and ii + ■ ■ ■ + ij = n — 2j. In order to contract on all but two indices of the above 
term, we need to contract ^(ii + • • • — j — 2) = § — 1 pairs of indices. This implies that 

P”~^-’(Rm) = A^“^P"~^-^(Rm). The left side of (IMp is equal to \^~^dtg. So g satishes (IMl) . 

We have |Rm(( 5 rj)|g. < 1 on M x [—for each i since the definition of the Aj implies 

|Rm(ff,)|^,=A-2|Rm|2<Ar2A2<l. 

Let A; G N. There exists ik such that if i then '>\^‘^ti > k. Then {gi}i>i^ is a sequence 

of complete pointed solutions to AOF on (—A:,0]. Since the Sobolev constant is scaling invariant, 
the uniform bound of GsiM,g) on [0,r) implies a uniform bound independent of i of GsiM,gi) 
on [0,r). We conclude from Lemma 3.2 of Hebey [23] that there exists a uniform lower bound 

independent of i for inf^jg^ vol(Pg.(x, 1)). This and the bound |Rm( 5 j)|g. < 1 on M X [-A"/^ti,0] 
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for all i give a uniform lower bound independent of i for injg.(g)(xj) via the Cheeger-Gromov-Taylor 
theorem. 

The proof of the compactness theorem 11.31 is unchanged if we replace (a, a;) with (—fe, 0]. Thus, 
by theorem 11.31 we obtain subsequential convergence of {{M, gi(t), Xi)}i>i^ to a complete pointed 
solution {Moo, goo{t),Xoo) to AOF for t G (—A:,0]. By taking a further diagonal subsequence over 
the k, we get that {{M, gi{t),Xi)}i>i subsequentially converges to a complete pointed solution 
{Moo, goo{t),Xoo) to AOF for t G (—oo,0]. The limit {Moo, goo{t)) is not flat since 

|Rm(5oo(0))(xoo)|g„,(0) = 1 

by the definition of the gi{t). 

We show that Moo is not compact. Lemma 3.9 of Chow-Knopf [I^ states that for a one param¬ 
eter family of Riemannian manifolds {M,g{t)), the volume element evolves by dtdVg = ^g^^dtgij. 
Applying the fact that O is traceless and the divergence theorem, 

1 P 

= 7T / [{-l)^g^^O,,+C{n){A^-^R)g^^g,,]dVg^t) 

^ Jm 

= C{n)[ 

Jm 

= 0 . 


Therefore the volume of {M,g{t)) is preserved along the flow. Since Aj ^ oo, 

/9 — 

vol(Moo,5'oo(i)) = lim vol{M,gi{t)) = lim vol{M,g{ti A?t)) = oo 

2—>-oo i^oo 


for all t G (—oo, 0]. So the volume of {M, goo{t)) is infinite for all t G (—oo,0]. The uniform volume 
lower bound for the {M,gi) passes in the limit to a uniform volume lower bound for {M,goo)- 
Therefore Moo is noncompact by Lemma 8.1 of Bour [6]. 

Next, we show that the integral of the Q-curvature is nondecreasing along the flow on M. Along 
the flow, the derivative of Q is given by 


dt 


h 

Jm 


Q = {-n 


. n — 2 


= (-!)■ 


n — 2 


[ {0,dtg) 

Jm 

[ (-l)f|0|2 + C(n) 

Jm 


n — 2 
2 



Jm 


where the third line holds since O is traceless. So the integral of the Q-curvature does not decrease 
along the flow. 

Suppose that 

sup / Q{g{t))dVg(t) <oo. 
t&[o,T) Jm 

This is always true when n = 4 since the Chern-Gauss-Bonnet theorem gives that for all t G [0,T), 



|Wp < 87r^x{M). 






So if the integral of the Q curvature is bounded along the flow, 



= lim [ Qig{t)) - [ Q{giO)) 

J M Jm 

< oo. 


Let {(M,Xj)}i>i be the convergent subsequence previously found in the proof. Fix /c G N. 
Since ti ^ T and Aj —>■ oo, we can choose a subsequence of times as follows: 

ii = inf {i :ti> ^,Xi > (^)"}, ij = inf {i :ti> ^{T + ti ),Xi > —)"} 

*i-i 

for j > 2. We relabel {LjjjgN as{L}igisj- Then 


OO 

E 


lop < 


lop < 


oo, 


2 — n 

implying that, using the scaling law 0{Xg) = X^~0{g), 

0= lim f / \0{g)\ldVgdt 

i 

f _21 _H 

/ X^\0{g,)\l\^\^dVg^dt 

-kJM 

= lim f f \0{gi)\l dVg,dt. 


Since 0{gi) —>■ O{goo) in C°° on compact subsets, this implies that 0{goo) = 0 on [—A;,0]. So for 
each k € N, there exists a sequence of pointed solutions to AOF that converge to an obstruction 
flat pointed solution to AOF on [—fe,0]. By taking a further diagonal subsequence over the k, 
we obtain a sequence of pointed solutions to AOF that converge to an obstruction flat complete 
pointed solution to AOF on (—oo,0]. □ 


Finally, we provide a corollary of the compactness theorem 11.31 characterizing limits of nonsin¬ 
gular solutions to AOF. 


Proof of Theorem li..?l Suppose M does not collapse at oo. Then there exists a sequence {{xi, L)}igN C 
M X [0, oo) such that inf* injg(j,)(xj) > 0. Let gi{t) = g{t+ti) for t € [—tj, oo). Let A: G N. Then there 
exists ifc £ hJ such that ti> k for all i > ik- Since supj^jo.oo) llRniHoo < oo and inf* mjg,(o)(a^i) > 0, 
we apply Theorem 11.31 to obtain subseqential convergence in the sense of families of pointed Rie- 
mannian manifolds of {{M,gi{t),Xi)}i>i^ to a complete pointed solution (Moo, goo{t), Xoo) to AOF 
on (—fe,oo). By taking a further diagonal subsequence over the k, we get that {{M, gi{t),Xi)}i>i 
subsequentially converges to a complete pointed solution {Moo,goo(t),Xoo) to AOF on (— 00 , 00 ). 

If Moo is compact, then by the definition of convergence of complete pointed Riemannian man¬ 
ifolds, Moo is diffeomorphic to M. Just as in the proof of Theorem 11.41 the volume of {M,g{t)) is 
preserved along the flow. So for all t G (— 00 , 00 ), 

vo1(Moo,5oo(A)) = lim vol{M,gi{t)) = lim vol(M, 5 r(L +t)) < 00 . 

i^oo 2—>-co 

Suppose that 

sup / Q{g{t))dVg(^t) < 00 . 

tE[0,oo) JM 
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This is always true when n = 4 by the Chern-Gauss-Bonnet theorem. Using the same argument as 
in the proof of Theorem 11.41 we obtain 

POO P 

/ \0\^<oo. 

Jo Jm 

Let {{M, gi(t), Xi)}i>i be the convergent subsequence previously found in the proof. Since —>■ oo, 

we can choose a subsequence of times {U^ }jgN as follows: 

ii = inf{z : ti > k}, ij = inf{z : U > ti._^ + 2k} 

for j > 2. We relabel {Uj jjgN as{U}igis}. Then 




\Of < oo 


implies that 



Since 0{gi) —>■ O{goo) in C°° on compact subsets, this implies that O{goo) = 0 on [—k,k]. So for 
each k € N, there exists a sequence of pointed solutions to AOF that converge to an obstruction 
flat pointed solution to AOF on [—k,k]. By taking a further diagonal subsequence over the k, we 
obtain a sequence of pointed solutions to AOF that converge to an obstruction flat complete pointed 
solution to AOF on (—00,00). Since goo solves the conformal flow dtgoo = (—l)”'/^C'(n)(A '2 
we see that gooit) is in the conformal class of ffcxDCO) for all t E (—00,00). If Moo is compact, 
we can solve the Yamabe problem for {Moo, [ 500 ( 0 )]); the Yamabe problem was solved by Aubin, 
Trudinger, and Schoen (see mm)- Due to the conformal covariance of O, we obtain a obstruction 
flat, constant scalar curvature complete pointed solution {Moo, gooit)) to AOF with goo{t) = 5oo(0) 
for all t E (—00, 00). □ 
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